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1. Introduction and problem formulation 

1.1. Introduction 

In today's world where we are becoming more and more reliable on technology for 

communication, it is important to find ways to communicate even in a noisy 

environment. In this project, I will try to implement an algorithm that will take a noisy 

recording that was recorded using a microphone array and estimate a clean version of 

the speaker from the noisy sources. 

I will implement a Beamformer, a spatial filter, which relies on the knowledge of the 

Relative Transfer Function (RTF) between each of the microphone to a reference 

microphone. The novelty of this project is the estimation method of the RTF, which 

uses prior knowledge of the environment of the user to estimate the RTF using 

Manifold learning approach, and in this project, I will show that this approach is more 

reliable and robust then estimating the RTF based only on the noisy recordings. 

The implementation of the algorithm was done using MATLAB, and was based on the 

recording made by prof. Sharon Gannot team at the acoustic lab in Bar Ilan University, 

the MIRaGe database. [1]. The learning algorithm was proposed by Ronen Talmon and 

Sharon Gannot [2]. 

1.2 Problem formulation 

 In this project, we consider a room with an array of microphones in a fixed location 

and assume that the possible positions of the desired source are confined to a specific 

known region. Examples of such rooms are a conference room, in which the 

microphone array is located in a fixed location on the conference room table and the 

speakers sit around the table in designated locations, an office, in which the 

microphone array in located in a fixed location on the desk or on the computer screen 

and the speaker sits behind the desk in typical positions, or a car, in which the 

microphone array in located in a fixed location in the front of the car and the speaker 

sits in one of the cars sits. Let 𝑠(𝑡) denote the desired speech signal, and let 𝑢𝑖(t), 𝑖 ∈

[1, 𝑈] denote point noise sources distributed somehow in the room. The acoustic 

signals are measured by an array of five microphones. Let us donate the measured 

signals as 𝑥𝑖(t), 𝑖 ∈ [1,5], each microphone input can be modeled as 

(1)  𝑥𝑖(t) = 𝑠(t) ∗ 𝑎𝑖(t) + ∑ 𝑢̃𝑗,𝑖(t)
𝑈
𝑗=1  



Where 𝑎𝑖(t)  is the Acoustic Impulse Response (AIR) from the speaker to the i' 

microphone, * is the convolution operator and 𝑢̃𝑗,𝑖(t) is the noise recorded on the i' 

microphone from the j noise source. We call the Short Time Fourier Transform(STFT) 

of the AIR the Acoustic Transfer Function(ATF).  

The goal of this project is to clean the recording from the noise sources. Because the 

noise sources are not necessarily stationary, it is not possible to achieve our goal using 

conventional filters in the frequency domain. One main way to encounter these 

problems is using several microphones that are receive the same speech signal to 

minimize the unwanted phenomenon's, by using the advantage of spatiality. This 

solution belongs to a wide area called "beamformers". 

Modern beamformers often require an estimate of the AIR relating the source and the 

microphones. AIRs (or their respective ATFs) estimation in a noisy environment is a 

cumbersome task due to the fact that we do not have the original signal, 𝑠(t), and the 

problem of ATF identification is blind. Hence, it was proposed to replace the ATFs by 

the Relative Transfer Function (RTF) between each microphone and a reference 

microphone in the beamformer design.  An accurate identification of the RTFs leads 

to significant improvement in the performance of the beamformer. 

For good estimation of the RTF we need a clean recording of the speaker in the specific 

location he is in the room, which is not accessible to us because of the interfering 

noise. Instead of using the noisy recording and estimating the RTF basted only on it, 

in this project, we suggest a different, supervised, approach to the problem of RTF 

identification. Although acoustic modeling is considered a difficult problem, we 

observe that RIRs are governed by few parameters, e.g. the size and geometry of the 

room, the positions of the source and the microphones, and the reflective properties 

of the walls. As a consequence, acoustic paths exhibit geometric structures of low 

dimensionality, which are often called manifolds, and may be accurately 

parameterized using manifold learning methods.  

Focusing on designing a solution for a specific room enables us to assume the 

availability of a training set, i.e., a set of RTFs from the region of possible source 

positions. We learn the manifold of the training set of the RTFs using a novel 

extendable kernel method, which relies on Laplacian Eigenmaps and Diffusion Maps. 

Then, we utilize the extendable learned model and propose a supervised identification 

method that relies on both the a priori learned geometric structure and the measured 

signals. 

 

 

 



Literature Survey and Background2.  

2.1 Acoustic Impulse Response and acoustic transfer functions 

The following section is based on the work done in [3]. 

We assume that the recorded sound scene consists of J sources and that the number 

of microphones is equal to 𝐼. We adopt the following general notations: scalars are 

represented by plain letters, vectors by bold lowercase letters, and matrices by bold 

uppercase letters. The source index, the microphone index, and the time index are 

denoted by i, j, and t, respectively. The operator T refers to matrix transposition, and 

H to Hermitian transposition. 

Let's donate the recorded signals at the microphone array as 𝒙(𝑡) =

[𝑥1 (𝑡), . . . , 𝑥𝐼(𝑡)]𝑇, it can be expressed as: 

(2)  𝒙(𝑡)  =  ∑  𝒄𝑗  (𝑡)
𝐽
𝑗=1   

where 𝒄𝑗  (𝑡) = [𝑐1𝑗 (𝑡), . . . , 𝑐𝐼 𝑗 (𝑡)]𝑇 is the spatial image of source 𝑗, that is the 

contribution of that source to the sound recorded at the microphones. This 

formulation is very general: it applies to both targets and noise, and multiple noise 

sounds can be modeled either as multiple sources or as a single source. In the case of 

a point source, it is possible to express 𝒄𝑗   (𝑡) by linear convolution of a single-channel 

source signal 𝑠𝑗  (𝑡) and the vector 𝒂𝑗  (𝑡, 𝜏 )  =  [𝑎1𝑗 (𝑡, 𝜏 ), . . . , 𝑎𝐼𝑗   (𝑡, 𝜏 )]𝑇 of acoustic 

impulse responses (AIRs) from the source to the microphones 

(3)   𝒄𝑗  (𝑡)  =  ∑ 𝒂𝑗  (𝑡, 𝜏 )𝑠𝑗  (𝑡 −  𝜏 )
∞
𝜏=0   

 This expression only holds for sources such as human speakers which emit sound in a 

tight region of space. The AIRs result from the summation of the multiple propagation 

paths and they vary over time due to movements of the source, of the microphones, 

or of other objects in the environment. When such movements are small, they can be 

approximated as time-invariant and denoted as 𝒂𝑗  (𝜏 ). 



 

Fig.1- A schematic illustration of the shape of an AIR with reverberation time of 0.25[s] 

A schematic illustration of the shape of an AIR is provided in Fig. 1. It consists of three 

successive parts. The first peak is the direct path from the source to the microphone. 

It is followed by early echoes corresponding to the first few reflections on the room 

boundaries and the furniture. Subsequent reflections cannot be distinguished from 

each other anymore and they form an exponentially decreasing tail called 

reverberation. This overall shape is often described by two quantities: the 

reverberation time (RT), that is the time it takes for the reverberant tail to decay by 

60 decibels (dB), and the direct-to-reverberant ratio (DRR), that is ratio of the power 

of direct sound (i.e., direct path) to that of the rest of the AIR. The RT depends solely 

on the room, while the DRR also depends on the source-to-microphone distance.  

In (3) the convolution in the time domain can be approximated by a multiplication in 

the short time Fourier transform (STFT) domain, provided that the frame length is 

sufficiently large. Let us denote by 𝒄𝑗  (𝑛, 𝑓) and 𝑠𝑗  (𝑛, 𝑓) the STFT of 𝒄𝑗  (𝑡) and 𝑠𝑗  (𝑡), 

respectively, with n ∈ {1,...,N} the frame index, 𝑓 ∈  {0, . . . , 𝐹 −  1} the discrete 

frequency bin, N the number of time frames and 𝐹 the discrete Fourier transform 

(DFT) length. The so-called narrowband approximation  is given by 

(4)     𝒄𝑗  (𝑛, 𝑓)  =  𝒂𝑗  (𝑛, 𝑓)𝑠𝑗 (𝑛, 𝑓)  

Where 𝒂𝑗  (𝑛, 𝑓) = [𝑎1𝑗 (𝑛, 𝑓), . . . , 𝑎𝐼𝑗 (𝑛, 𝑓)]𝑇 is the concatenation of the ATFs from 

source j to the microphones. The ATFs can be either time-varying or time-invariant. In 

the former case, they can be represented via a dynamical model. In the latter case, 

they simplify to 𝒂𝑗  (𝑛, 𝑓)  =  𝒂𝑗  (𝑓). 

 

 



2.2 RTF and RTF identification 

A different representation is to look at the RTF between microphones, taking the first 

microphone as a reference, the vector of RTFs 𝑯𝑗  (𝑓)  =  [𝐻1𝑗  (𝑓), . . . , 𝐻𝐼𝑗 (𝑓)]𝑇 For 

source j is defined as 

(5)     𝑯𝑗 (𝑓) =
1

𝑎1𝑗 (𝑓)
 𝒂𝒋 (𝑓). 

It was shown that the RTFs are governed by few parameters, e.g. the size and 

geometry of the room, the positions of the source and the microphones, and the 

reflective properties of the walls. As a consequence, acoustic paths exhibit geometric 

structures of low dimensionality, and in a static environment each RTF has its own 

unique fingerprint that relates to the location of the speaker. 

In this project, I will estimate the RTF in two different scenarios, the first is in a 

noiseless condition for obtaining the training set from the region of interest, and the 

second is in a noisy scenario where there are interfering signals as well as the desired 

source. The following section will elaborate on the estimation techniques. 

We will consider a case of an array with 5 microphones, and a static single source of 

intrest with multiple noise sources. In that case eq.  (1) correctly model the scenario. 

From eq. (1) we can write 

(6)      𝑥𝑖(t) = 𝑠(t) ∗ 𝒂𝑖 + 𝑣𝑖(t)       𝑖 = 1,… , 5 

Where 𝑎𝑖 is the AIR between the source and the i' microphone, and 𝑣𝑖(𝑡) is the 

contrebusion of all noise sourses at the i' microphone. This can be written in a vector 

form as 𝒙(𝑡) = 𝑠(t) ∗ 𝒂 + 𝒗 (t) or in the time-frequency domain  

𝒙(𝑛, 𝑓) = 𝑠(n, f)𝒂(f) + 𝒗 (n, f) 

Since the desired source is not specking constantly, this relation only holds for time 

frames where the desired source is active. Looking at those timeframes only, the 

correlation matrix of the received signals can be writeen as 

(7)      𝜱𝑥𝑥(𝑛, 𝑓) = 𝐸[𝒙𝒙
𝑻] = 𝒂(f)𝛷𝑠𝑠(𝑛, 𝑓)𝒂

𝐻(𝑓) + 𝜱𝑣𝑣(𝑛, 𝑓) 

Now, applying the generalized eigenvalue decomposition (GEVD) to 𝜱𝑥𝑥(𝑛, 𝑓) and the 

stationary-noise PSD matrix 𝜱𝑣𝑣(𝑛, 𝑓) we have 

(8)      𝜱𝑥𝑥(𝑛, 𝑓)𝛗𝑖(𝑓) = 𝜆𝑖(𝑓)𝜱𝑣𝑣(𝑛, 𝑓)𝛗𝑖(𝑓) 

The generalized eigenvectors corresponding to the generalized eigenvalues with values other 

than 1 span the desired sources subspace. Since we assumed that the only source active in  

those time segments is the desired source, this eigenvector corresponds to a scaled version 



of the source ATF. To prove this relation for the single eigenvector case, let 𝜆𝑖(𝑓) correspond 

to the largest eigenvalue at this time segment and 𝛗𝑖(𝑓) its corresponding eigenvector. 

Substituting 𝜱𝑥𝑥(𝑛, 𝑓) as defined in (7) in the left-hand side of (8) yields 

(9)     [𝒂(f)𝛷𝑠𝑠(𝑛, 𝑓)𝒂
𝐻(𝑓) + 𝜱𝑣𝑣(𝑛, 𝑓)]𝛗𝑖(𝑓) = 𝜆𝑖(𝑓)𝜱𝑣𝑣(𝑛, 𝑓)𝛗𝑖(𝑓) 

↓ 

𝛷𝑠𝑠(𝑛, 𝑓)𝒂(f) 𝒂
𝐻(𝑓)𝛗𝑖(𝑓)⏟        
𝑠𝑐𝑎𝑙𝑎𝑟

= [𝜆𝑖(𝑓) − 1]𝜱𝑣𝑣(𝑛, 𝑓)𝛗𝑖(𝑓) 

Which means 

(10)    𝒂(f) =
𝜆𝑖(𝑓)−1

𝛷𝑠𝑠(𝑛,𝑓)𝒂𝐻(𝑓)𝛗𝑖(𝑓)⏟          
𝑠𝑐𝑎𝑙𝑎𝑟

𝜱𝑣𝑣(𝑛, 𝑓)𝛗𝑖(𝑓) 

Hence, the desired signal ATF 𝒂(f) is a scaled and rotated version of the eigenvector 𝛗𝑖(𝑓) 

(with eigenvalue other than 1). As we are interested in the RTFs rather than the entire ATFs 

the scaling ambiguity can be resolved by the following normalization: 

(11)     𝑯 (𝑓) =
𝜱𝑣𝑣(𝑛,𝑓)𝛗𝑖(𝑓)

(𝜱𝑣𝑣(𝑛,𝑓)𝛗𝑖(𝑓))1
 

Where ( )1 is the first element of the array corresponding to the first, reference, 

microphone (arbitrarily chosen to be the first microphone). 

Since we do not have the PSD of the noise and speech components, we will estimate 

them and apply the GEVD to those to get the estimated RTFs. 

(12)    𝑯̂ (𝑓) =
𝜱̂𝑣𝑣(𝑛,𝑓)𝛗̂𝑖(𝑓)

(𝜱̂𝑣𝑣(𝑛,𝑓)𝛗̂𝑖(𝑓))1
 

Where 𝛗̂𝑖(𝑓)is the eigen vector corresponding to the largest eigenvalue of 

𝐺𝐸𝑉𝐷 (𝜱̂𝑣𝑣(𝑛, 𝑓), 𝜱̂𝑠𝑠(𝑛, 𝑓)). 

For a scenario where there is no noise sources (as in the training stage of this project) 

we set 𝜱𝑣𝑣(𝑛, 𝑓) = 𝐼𝑀𝑥𝑀 the identity matrix and repeat the algorithm as explained 

above, which is equivalent as doing the EVD to the PSD matrix of the received signals. 

 

 

 

 

 



2.3 MIRaGe Database 

To acquire the set of RTFs from the region of interest, I used the MIRaGe database [1] 

which contain multi-channel recordings performed in the Bar Ilan acoustic lab with 

adjustable reverberation time. 

A loudspeaker emulating the source is located within a cube-shaped volume of 

dimensions 46×36×32 cm (from now referred to as grid), Fig 2 and 3 provide a detailed 

look at the recording setup. The positions of the loudspeaker form a grid sampled 

every 2 cm across the x-axis and y-axis and every 4 cm across the z-axis, so there are 

24 × 19 × 9 = 4104 possible source positions (grid vertices) in total. The recording was 

also done at 25 out of grid (OOG) positions as seen in Fig.2. The entire setup is 

recorded by six static linear microphone arrays and one microphone mounted 2 cm in 

front of the loudspeaker, which is changing its position with the loudspeaker 

(microphone 31). Each array consists of 5 microphones with the inter-microphone 

spacing of −13, −5, 0, +5 and +13 cm relative to the central microphone. 

 

Fig.2: top view of the recording setup           fig.3: a detailed view of the near grid area  

The sidewalls and the ceiling of the acoustic lab consist of revolving double-sided 

panels with a reflecting and an absorbing face. By rotating these panels, the ratio 

between the reflective and absorbing areas of the room can be modified, by which 

the reverberation time of the room can be controlled. The entire recordings was done 

three separate times in three reverberation time levels: 100, 300, and 600 m's. 

For each position, two excitation signals were played and recorded in sequence: The 

first signal (Chirp) consists of two repetitions of a logarithmic swept-frequency cosine 

signal with a total length of 20 seconds (0.5 s silence, 8 s chirp, 2 s silence, 8 s chirp, 

1.5 s silence). White noise (WN) was used as the second excitation signal with a total 

length of 10 seconds (0.5s silence, 8s' WN, 1.5s' silence). The Chirp signals starts from 

200 Hz through 16 kHz. 



 

2.4 Manifolds and dimensionality reduction 

After obtaining a training set of RTFs from known positions, the observed data is a 

high dimensional data, we observe that RTFs are governed by few parameters, e.g. 

the size and geometry of the room, the positions of the source and the microphones, 

and the reflective properties of the walls. As a consequence, measured data Exhibit 

highly redundant representations and acoustic paths exhibit geometric structures of 

low dimensionality. Those are often called manifolds, and may be accurately 

parameterized using manifold learning methods. In this project, the method for 

learning, dimensionality reduction, and extending the manifold to new RTFs will be 

based on Diffusion maps and diffusion distances, which provide a method for finding 

meaningful geometric descriptions in datasets. Based on [4] we provide a detailed 

explanation on the proses. 

A manifold is a topological space that locally resembles Euclidian space near each 

point. One-dimensional manifolds include lines and circles, but not figure eights. Two-

dimensional manifolds are also called surfaces. Examples include the plane, 

the sphere, and the torus. Due to the nature of the manifold, Euclidian distances do 

not capture a meaningful measure of distances, and we will work with a distance 

metric that is called the diffusion distance, which capture the geometric structure of 

the manifold. 

One of the ways we can capture the manifold structure is the Laplacian operator, 

which is defined by the divergence of the gradient of a manifold in a Euclidean space. 

The Laplacian contains all the information about the manifold geometry and describes 

the time-evolution of a diffusion process across the manifold. However, due to its 

definition, it is an infinite-dimension operator defined on continuous spaces, and we 

are only given a finite sample of the manifold. So instead, we represent the manifold 

by a graph where The observations are the graph nodes, and The weights of the edges 

are defined using the heat  kernel function. From there we define a Markov process 

on the graph by the transition matrix, which is a discretization of a diffusion process 

on the manifold. 

It can be seen in Fig.4 that a Euclidian distance measure, which is not respective to the 

geometric structure of the manifold, are not a good distance measure. 



 

Fig.4 on the left: a 3-d sampled manifold and on the right, the 2-d embedding of the manifold. In dashed 

line: Euclidian distance between point A and B and in a black full line: the diffusion distance. 

Let 𝛤 be a set of points in 𝑅𝑛 . In order to study the intrinsic geometry of the set 𝛤, we 

construct a graph 𝐺 =  (𝛤,𝑊) with a kernel 𝑊 ≜  𝑤 (𝑥, 𝑦). The kernel, which is a 

weight function, measures the pairwise similarity between the points that satisfies the 

following properties: symmetry: 𝑤 (𝑥, 𝑦)  =  𝑤 (𝑦, 𝑥), positive-preserving: 

𝑤 (𝑥, 𝑦)  ≥  0 for all 𝑥 and 𝑦 in 𝛤, and positive semi-definite. Choosing a kernel that 

satisfies the above properties allows us to normalize 𝑊 into a Markov transition 

matrix 𝑃 which is constructed as 

(13)     𝑃 ≜  𝑝 (𝑥, 𝑦) =  𝑤
(𝑥,𝑦)

𝑑 (𝑥)
 , 𝑑 (𝑥)  = ∑  𝑤 (𝑥, 𝑦) 𝑦∈𝛤   

where 𝑑(𝑥) is the degree of the node 𝑥. In spectral graph theory, this normalization is 

known as the weighted graph Laplacian normalization. A common choice is the 

Gaussian kernel  

(14)    𝑤𝜀(𝑥, 𝑦) = exp {−
‖𝑥−𝑦‖2

2∗𝜀
}  

 where 𝜀 is the kernel scale. since 𝑃 consists of nonnegative real numbers, where each 

row is summed to 1, the matrix 𝑃(𝑥, 𝑦) can be viewed as the probability to move from 

node 𝑥 to node 𝑦 in one random step on the weighted graph. These probabilities 

measure the connectivity of the points within the graph. The transition matrix P is 

conjugate to a symmetric matrix A given by 𝐴 = 𝐷
1

2𝑃𝐷−
1

2, where D is the diagonal 

matrix with the values ∑ 𝑤(𝑥, 𝑦) 𝑦   on its diagonal. 

The symmetric matrix 𝐴 has 𝑛 real eigenvalues {𝜆𝑘}𝑘=0
𝑛−1   and a set of orthogonal 

eigenvectors  {𝑣𝑘} 𝑖𝑛 𝑅
𝑛 , thus, it has the following spectral decomposition 

(15)    𝐴(𝑥, 𝑦)  =  ∑ 𝜆𝑘𝑣𝑘(𝑥)𝑣𝑘(𝑦) 𝑘≥0  𝑘 ≥ 0 . 



Since 𝑃 is conjugate to 𝐴, the eigenvalues of both matrices are identical. In addition, 

if {𝜑𝑘} and {𝜓𝑘} are the corresponding left and right eigenvectors of 𝑃, then we have                 

(16)   𝜑𝑘  =  𝐷
1

2 𝑣𝑘 , 𝜓𝑘  =  𝐷
−
1

2 𝑣𝑘. 

From the orthonormality of {𝑣𝑖} and Eq. (16), it follows that {𝜑𝑘} and {𝜓𝑘} are 

biorthonormal which means that < 𝜑𝑙  , 𝜓𝑘 > =  𝛿𝑙𝑘. Combining Eqs. (15) and (16) 

with the biorthogonality of {𝜑𝑘} 𝑎𝑛𝑑 {𝜓𝑘} lead to the following eigendecomposition 

of the transition matrix 𝑃 

(17)   𝑝(𝑥, 𝑦)  =  ∑𝜆𝑘𝜓𝑘(𝑥)𝜑𝑘(𝑦)

𝑘≥0

   

Due to the fast decay of the spectrum(eigenvalues), only a few terms are required to 

achieve sufficient accuracy in the sum. This is the reduction of dimensions from our 

data. The family of diffusion maps {𝛹}, which are defined by 

(18)     𝛹(𝑥)  = (𝜆1𝜓1(𝑥), 𝜆2𝜓2(𝑥), 𝜆3𝜓3(𝑥),· · · )  

 Embeds the dataset into Euclidean space. This embedding is a new parametrization 

of the data into a lower dimension space, which capture the manifold underline 

parameters in a lower dimension and respects the manifold geometric structure. It 

was also shown that In these new coordinates, the Euclidean distance between two 

points in the embedded space represents the distances between the two high-

dimensional points as defined by a random walk on the manifold surface - the 

diffusion distance . 

Now that we have a low dimension embedding of the training data, we like to extend 

it to new arriving data (after the training stage). Geometric harmonics (GH) is a 

method that extends the low dimensional embedding for new data points. Let 𝛤 be a 

set in 𝑅𝑛 such that 𝛤 ⊆  𝛤. The GH scheme extends 𝛹 into a new dataset 𝛤. We first 

overview the Nystrom extension, which is a common method for the extension of 

functions from a training set to accommodate the arrival of new samples. The 

eigenvectors and eigenvalues of a Gaussian kernel on the training set 𝛤 with 𝜀 are 

computed by 

(19)    𝜆𝑙𝜑𝑙(𝑥) =  ∑ 𝑒−
‖𝑥−𝑦‖2

2∗𝜀𝑦∈𝛤 𝜑𝑙(𝑦)        , 𝑥 ∈ 𝛤. 

If 𝜆𝑙  ≠  0, the eigenvectors in Eq. (19) can be extended to any 𝑥 ∈  𝑅𝑛 by  

(20)      𝜑
𝑙
(𝑥) =

1

𝜆𝑙
∑ 𝑒−

‖𝑥−𝑦‖2

2∗𝜀𝑦∈𝛤 𝜑𝑙(𝑦)        , 𝑥 ∈ 𝑅
𝑛 

This is known as the Nystrom extension. 



Let 𝑓 be a function on the training set 𝛤. In our case, we are interested in extending 

each of the coordinates of the embedding function 𝛹(𝑥) =

(𝜆1𝜓1(𝑥), 𝜆2𝜓2(𝑥), 𝜆3𝜓3(𝑥),· · · ). The eigenfunctions {𝜑𝑙} are the outcome of the 

spectral decomposition of a symmetric positive matrix, thus, they form a basis in 𝑅𝑛. 

Consequently, any function 𝑓 can be written as a linear combination of this basis. 

(21)    𝑓(𝑥)  =   ∑  < 𝜑𝑙 , 𝑓 > 𝜑𝑙(𝑥)   𝑙 , 𝑥 ∈ 𝛤 

Using the Nystrom extension, as given in Eq. (20), 𝑓 can be defined for any point in 𝑅𝑛 

by 

(22)    𝑓(𝑥)  =   ∑  < 𝜑𝑙 , 𝑓 > 𝜑𝑙(𝑥)   𝑙 , 𝑥 ∈ 𝑅𝑛 

The scheme is ill conditioned 𝑠𝑖𝑛𝑐𝑒 𝜆𝑙  →  0 𝑎𝑠 𝑙 →  ∞ and we assumd that 𝜆𝑙  ≠  0 in 

eq.(20). 

This issue can be solved by cutting off the sum in Eq. (20) keeping the eigenvalues (and 

the corresponding eigenfunctions) satisfying 𝜆𝑙  ≥  𝛿, where 𝛿 is a small constant. This 

means that for a given 𝜀 the dimensions that have a contribution that is above 𝛿 are 

the dimensions that are required to accurately represent the manifold in a lower 

dimension. 

(23)    𝑓(𝑥)  =   ∑  < 𝜑𝑙 , 𝑓 > 𝜑𝑙(𝑥)   𝜆𝑙 ≥ 𝛿 , 𝑥 ∈ 𝑅𝑛 

The result is an extension scheme with a condition number 𝛿. In this new scheme, 𝑓 

and 𝑓 do not coincide on 𝛤, but they are relatively close and the error is depended on 

𝛿 𝑎𝑛𝑑 𝜀.  

2.5. Beamforming 

Let us consider the case of a single desired speaker in a specific location in a room, 

with 𝐽 directional noise sources. Eq.(6) represents the scenario as was recorded on 

each of the microphones(in our case 5) where 𝑛𝑖(𝑡) is the contribution of all 𝐽 noise 

sourses at the i' microphone. 

A beamformer is a linear spatial filter defined by a frequency-dependent vector 

𝒘(𝑓) = [𝑤1 (𝑓), . . . , 𝑤5 (𝑓)]𝑇 comprising one complex valued weight per 

microphone, that is applied to the STFT 𝒙(𝑛, 𝑓) of the array input signal 𝒙(𝑡). Its 

output is equal to 𝒘𝑯 (𝑓) 𝒙(𝑛, 𝑓) and it can be transformed back into the timedomain 

by inverse STFT. 

In this project, I will use the Minimum Variance Distortionless Response (MVDR) 

criteria to find the optimal weights for spatial filtering of all the noise sources and to 

obtain a distortionless estimation of our wanted speaker. The MVDR beamformer 

constrains the response of the beamformer in the desired look direction while 



minimizing the response in all other directions. The following section shows the 

mathematical derivation that solves for those optimal weights, which rely on the 

Lagrange multiplier optimization method. 

Continuing with the assumption that the RIR from the source is slowly time-varying, 

and as a consequence the ATFs is not time dependent. Eq.(6) can be written in the 

STFT domain as  

(24)     𝑥𝑖  (𝑛, 𝑓) = 𝑠(𝑛, 𝑓)𝑎𝑖 (𝑓) + 𝑛𝑖  (𝑛, 𝑓)        𝑖 = 1, … , 5 

Alternatively, in a vector form    𝒙(𝑛, 𝑓) = 𝑠(𝑛, 𝑓)𝒂(𝑓) + 𝒏(𝑛, 𝑓) and the size of each 

vector is the number of microphones (5 in our case). 

As was mentioned before the output of the beamformer is given by: 

(25)  𝑦(𝑛, 𝑓) = 𝒘𝑯 (𝑓)𝒙(𝑛, 𝑓) = 𝒘𝑯 (𝑓)𝑠(𝑛, 𝑓)𝒂(𝑓) + 𝒘𝑯(𝑓)𝒏(𝑛, 𝑓) ≜ 𝑦𝑠(𝑛, 𝑓) + 𝑦𝑛(𝑛, 𝑓) 

The power spectral density (PSD) of the output signal can be written as  

(26)     𝐸[|𝑦|2] = 𝐸[𝒘𝑯 (𝑓)𝒙(𝑛, 𝑓)𝒙𝑯(𝑛, 𝑓)𝒘(𝑓)] = 𝒘𝑯 (𝑓)𝚽𝒙𝒙𝒘(𝑓) 

Where 𝚽𝒙𝒙 ≜ E[𝒙(𝑛, 𝑓)𝒙
𝑯(𝑛, 𝑓)] is the correlation matrix of the received 

microphone signals. We want to minimize the output PSD subject to the constraint 

that 𝑦𝑠, the speech component at the beamformer output, is equal to the speech 

source signal s, i.e. 

(27)     𝑦𝑠(𝑛, 𝑓) = 𝒘
𝑯 (𝑓)𝑠(𝑛, 𝑓)𝒂(𝑓) 𝑠(𝑛, 𝑓)=           

constrain  

Hence, the constrained minimization problem can be formulated as 

(28)    𝒘𝑯 (𝑓)𝚽𝒙𝒙𝒘(𝑓), 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜  𝒘
𝑯 (𝑓)𝒂(𝑓) = 1𝒘(𝑓)

𝑚𝑖𝑛   

To solve (28), we first define the complex Lagrangian, i.e. 

(29)    ℒ = 𝒘𝑯 (𝑓)𝚽𝒙𝒙𝒘(𝑓) + 𝜆[𝒘
𝑯 (𝑓)𝒂(𝑓) − 1] + 𝜆∗[𝒂𝐻(𝑓)𝒘(𝑓) − 1] 

Where 𝜆  is the Lagrange multiplier. Setting the derivative with respect to 𝑤∗ to 0 

yields 

(30)    𝚽𝒙𝒙𝒘(𝑓) +  𝜆𝒂(𝑓) = 0 

Imposing the constraint in (28), we obtain the MVDR filter 

(31)    𝒘𝑀𝑉𝐷𝑅(𝑓) =
𝚽𝒙𝒙
−1𝒂(𝑓)

𝒂𝐻(𝑓)𝚽𝒙𝒙
−1𝒂(𝑓)

 

However, as was mentioned before, estimating these ATFs generally is a cumbersome 

task. Alternatively, the constraint for a distortionless response can be replaced by 

constraining the output speech component to be equal to the speech component at 



an arbitrarily chosen microphone. In this project, I chose the middle microphone 

(number 3).  Hence, the constraint in (27) becomes 

(32)     𝑦𝑠(𝑛, 𝑓) = 𝒘
𝑯 (𝑓)𝑠(𝑛, 𝑓)𝒂(𝑓) 𝑠(𝑛, 𝑓)𝑎3(𝑓)=           

𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛  

Which is equivalent to 𝒘𝑯 (𝑓)𝑯(𝑓) = 1 where the RTFs 𝑯(𝑓) is defined like befor as 

𝑯(𝑓) =
𝒂(𝑓)

𝑎𝑟(𝑓)
= [
𝑎1(𝑓)

𝑎3(𝑓)
,
𝑎2(𝑓)

𝑎3(𝑓)
, 1,
𝑎4(𝑓)

𝑎3(𝑓)
,
𝑎5(𝑓)

𝑎3(𝑓)
] 

And we can see that the optimization problem remain the same except for the 

constraint with is now 𝒘𝑯 (𝑓)𝑯(𝑓) = 1 and so the modified MVDR are obtained  

(33)     𝒘̃𝑀𝑉𝐷𝑅(𝑓) =
𝚽𝒙𝒙
−1(𝑓) 𝑯(𝑓)

 𝑯𝐻(𝑓)𝚽𝒙𝒙
−1(𝑓) 𝑯(𝑓)

 

 

3. Relative transfer function identification on manifolds  

Using the MIRaGe database I obtained the chirp recordings from the region of 

interest {𝒆𝑚}𝑚=1
𝑁𝑡 , and using the RTF identification method for estimating RTF in a 

noiseless environment (12) obtained a training set Ꞧ of RTFs{𝐻𝑖(𝑓)}   𝑖 = 1, … ,5. 

Let 𝑁𝑡donate the number of RTFs in the training set Ꞧ and let us define 𝐻𝑚𝑖  as the m' 

RTF in Ꞧ for the i' microphone of length 𝑁𝐹𝐹𝑇. 𝑚 = [1, … , 𝑁𝑡], 𝑖 = [1, … ,5]. 

Let 𝑊𝑖
𝑅 be a kernel defined on the training RTFs for the i' microphone, whose 

(𝑚, 𝑘)′𝑡ℎ element is given by 

(34)     𝑊𝑖
𝑅
 
(𝑚, 𝑘) =

𝛼(𝐻𝑚𝑖,𝐻
𝑘
𝑖)

𝑑𝑖(𝑚)𝑤𝑖(𝑘)
      Where 

(35)    𝛼(𝐻𝑚𝑖, 𝐻
𝑘
𝑖) = exp {−

‖𝐻𝑚𝑖(𝑓)−𝐻
𝑘
𝑖(𝑓)‖

2

2∗𝜀
} is the unnormalized Gaussian kernel 

(36)   𝑑𝑖(𝑚) = ∑ 𝛼(𝐻𝑚𝑖 , 𝐻
𝑘
𝑖)𝑘    , 𝑤𝑖(𝑘)  = ∑

𝛼(𝐻𝑚𝑖,𝐻
𝑘
𝑖)

𝑑𝑖(𝑚)
𝑚   are the normeliztion 

factors and 𝜀 > 0 is the kernel scale. 

𝑊𝑖
𝑅 Is a normalized matrix such that the sum of every row and every Colom is one, 

which can be view as a probability matrix. The kernel, which is a weight function, 

measures the pairwise similarity between the points in Ꞧ. The key point is that the 

proposed kernel enables to capture the actual variability in terms of the source 

position based on the measurements. 

Setting 𝜀 the kernel scale has a major influence to the performance of the RTF 

estimation, it determine the slope of the exponential in 𝛼 which in term effects the 



size of the local neighborhood of each point. The diffusion maps reveals and extracts 

global information in local structures. A large 𝜀 defines a wide neighborhood and thus 

produces a coarse analysis of the data since most of the neighborhoods will contain a 

large number of data points. In contrast, for a small 𝜀, many neighborhoods will 

contain a single data point. The optimal 𝜀 depends heavily on Euclidian distances 

between samples in our database, and need to be optimized for each database and 

scenario. In this project, I determined the optimal 𝜀 via numerical optimization. 

The eigenvalue decomposition (EVD) of the kernel captures its significant components 

and may provide a compact parameterization of the manifold of the RTFs. Since the 

number of training points in Ꞧ  is 𝑁𝑡the size of the kernel is 𝑁𝑡х𝑁𝑡 and the length of 

each eigenvector is 𝑁𝑡. Moreover, the eigenvectors can be viewed as functions of the 

training RTFs, where the n-th coordinate of each eigenvector is associated with the n-

th' training RTF. As explained in section 2.4 those functions can describe the data in 

terms of their natural parameters representing physical meanings such as position of 

the source in the room. 

Let {µ𝑗
𝑖  , 𝝋𝑗

𝑖} be the set of the eigenvalues and eigenvectors of 𝑊𝑖
𝑅, respectively. As 

was shown the eigenvalues are real and positive, and hence, can be written in a 

descending order µ0
𝑖 ≥ µ1

𝑖 ≥ ⋯ ≥ 0. The eigenvectors form a complete basis for any 

real function on the data, and each coordinate of the training RTFs can be expanded 

as follows 

(37)     𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑏𝑖𝑛 𝑓 = [1,2, … , 𝑁𝐹𝐹𝑇],   𝐻𝑚𝑖(𝑓) = ∑ 𝑐𝑓,𝑗
𝑖𝜑
𝑗
𝑖(𝑚)

𝑁𝑡−1
𝑗=0  

Where 𝑐𝑓,𝑗
𝑖 is the projection coefficients on the basis for the i' microphone, i.e., 

(38)      𝑐𝑓,𝑗
𝑖 ≜[𝐻1𝑖(𝑓),𝐻

2
𝑖(𝑓),… ,𝐻

𝑁𝑡
𝑖(𝑓)]𝝋𝑗

𝑖  

As was explained in section 2.4 the extension method is based on the incorrect 

assumption that the kernel eigenvalues are non-zero µ𝑙  ≠  0. According to the decay 

of the spectrum (the eigenvalues) we look for the "spectral gap" and we determine 

the dimension 𝑙 of the manifold and assume that the 𝑙 eigenvectors associated with 

the 𝑙 largest eigenvalues provide accurate parameterization of the manifold. Thus, in 

(27) we may merely sum over these 𝑙 eigenvectors. 

(39)   𝐻𝑚𝑖(𝑓) = ∑ 𝑐𝑓,𝑗
𝑖𝜑
𝑗
𝑖(𝑚)𝑙

𝑗=1    

As was shown at section 2.4 we utilize the parameterization of the training set in order 

to get a description of any RTF (not necessary in the training set) from the learned 

region in the room, which is done using the Nystrom extension. 

We assume that there are 𝑁𝑡𝑒𝑠𝑡 new recordings corresponding to 𝑁𝑡𝑒𝑠𝑡 new locations 

in the learned region of the room. Let 𝑨𝑖  be a non-symmetric kernel for the i' 



microphone defined between any RTF 𝐻̃𝑗𝑖 , 𝑗 = 1,… ,𝑁𝑡𝑒𝑠𝑡  and each of the RTFs in the 

training set 𝐻𝑚𝑖 , 𝑚 = 1, … , 𝑁𝑡, whose (𝑗,𝑚) − 𝑡ℎ element is given by  

(40)    𝐴 
𝑖(𝑗, 𝑚) =

𝛼̃(𝐻𝑗̃𝑖,𝐻
𝑚
𝑖)

𝑑𝑖̃(𝑗)𝑤𝑖̃(𝑚)
 where  

(41)    𝛼̃ (𝐻𝑗̃𝑖, 𝐻
𝑚
𝑖) = exp {−

‖𝐻𝑗̃𝑖(𝑓)−𝐻
𝑚
𝑖(𝑓)‖

2

𝜀
} is a un-normalized non-symmetric 

kernel, and 

(42)    𝑑̃𝑖(𝑗) = ∑  𝛼̃(𝐻𝑗̃𝑖 , 𝐻
𝑚
𝑖)𝑚    , 𝑤𝑖(𝑚)  = ∑

 𝛼̃(𝐻𝑗̃𝑖,𝐻
𝑚
𝑖)

𝑑̃𝑖(𝑗)
𝑗  

Are the normalization factors. 

The construction of the kernels implies that the original training kernel satisfies   

𝑾𝑖
𝑅
 
= (𝑨 

𝑖)
𝑇
𝑨 
𝑖, Moreover, 𝑾𝑖 = 𝑨 

𝑖(𝑨 
𝑖)
𝑇

can be seen as an extended kernel, 

whose (𝑗, 𝑘) element measures the probability that any two RTFs 𝐻̃𝑗𝑖  and 𝐻̃𝑘𝑖 are 

associated with the same training RTF, and its eigenvectors provide an extended 

parameterization for any RTF. 

As was shown in section 2.4  𝑾𝑖
𝑅 and 𝑾𝑖  share the same eigenvalues {µ𝑗

𝑖 } which are 

the square of the singular values of 𝑨 
𝑖, the eigenvectors {𝝋𝑗

𝑖} of 𝑾𝑖
𝑅 are the right 

singular vectors of 𝑨 
𝑖, and the eigenvectors {𝝍𝑗

𝑖 } of 𝑾𝑖  are the left singular vectors of 

𝑨 
𝑖. The singular value decomposition (SVD) of 𝐴 describes the algebraic relation 

between the eigenvectors, i.e 

(43)     𝝍𝑗
𝑖 = 

1

√µ𝑗
𝑖
𝑨 
𝑖
𝝋𝑗

𝑖 

The aforementioned relationship enables to efficiently extend the eigenvectors to 

new RTFs without applying the computationally expensive EVD. The extension 

algorithm consists of two stages. In a training stage, the kernel 𝑾𝑖
𝑅 is directly 

calculated for each microphone reference pair based on the training set, and its 

eigenvalue decomposition is computed. The eigenvectors of the kernel form a learned 

model for the training set. In the test stage, as new estimates of RTFs become 

available, we construct 𝑨 
𝑖  according to (40), and then compute the extended 

eigenvectors of 𝑾𝑖  by exploiting the algebraic relationship given by the SVD in (43). 

Once the extended parameterization is obtained, we can expand any RTF from the 

region of interest similarly to (39) as 

(44)    𝐻̂𝑚𝑖(𝑓) = ∑ 𝑐𝑓,𝑗
𝑖𝜓
𝑗
𝑖(𝑚) + 𝜖𝑚,𝑓

𝑖𝑙
𝑗=1  



Where 𝜖𝑚,𝑓
𝑖  is an error term as explained in section 2.4. 

Substituting 𝜓𝑗
𝑖(𝑚) from (43) into (44) yields  

(45)      𝐻̂𝑚𝑖(𝑓) = ∑ 𝑐𝑓,𝑗
𝑖 1

√µ𝑗
𝑖
𝑨 
𝑖(𝑚, 1: 𝑁𝑡)𝝋𝑗

𝑖 + 𝜖𝑚,𝑓
𝑖𝑙

𝑗=1 =

∑
𝑐𝑓,𝑗

𝑖

√µ𝑗
𝑖
∑ 𝑨𝑖(𝑚, 𝑝)𝝋𝑗

𝑖(𝑝)
𝑵𝒕
𝒑=𝟏  

 
+ 𝜖𝑚,𝑓

𝑖𝑙
𝑗=1 = ∑ 𝑨𝑖(𝑚, 𝑝) ∑

𝑐𝑓,𝑗
𝑖

√µ𝑗
𝑖
𝝋𝑗

𝑖(𝑝)𝒍
𝒋=𝟏

 

 

+ 𝜖𝑚,𝑓
𝑖 ≜

𝑁𝑡
𝑝=1

∑ 𝑨𝑖(𝑚, 𝑝)𝑫𝑖(𝑝, 𝑓) 
 + 𝜖𝑚,𝑓

𝑖 = 𝑨𝑖𝑫𝑖  
 
(𝑚, 𝑓)

𝑁𝑡
𝑝=1 + 𝜖𝑚,𝑓

𝑖  

Where 𝐷𝑖  is a matrix that can be computed in advance and whose (𝑝, 𝑓)-th element 

is given by  

(46)   𝑫𝑖(𝑝, 𝑓) 
 = ∑

𝑐𝑓,𝑗
𝑖

√µ𝑗
𝑖
𝝋𝑗

𝑖(𝑝)𝒍
𝒋=𝟏

 

 

. 

When we are interested in finding the parameterization of a new single location 

RTFs 𝐻̃ 𝑖, the matrix 𝑨 
𝑖  is reduced to a vector, 𝒂𝒊, and (45) can be written as  

(47)    𝐻̂ 𝑖 = 𝑫
𝑖
 
 𝑇
𝒂𝒊  +  𝝐 

𝑖 

Where 𝒂𝒊  is a vector of length 𝑁𝑡 whose 𝑚− 𝑡ℎ element is defined similarly to (40) 

as 

(48)    𝑎𝑖(𝑚) =
𝛼̃(𝐻  ̃𝑖,𝐻

𝑚
𝑖)

𝑑𝑖̃
 

Where 𝑑𝑖̃ = ∑ 𝛼̃(𝐻  ̃𝑖, 𝐻
𝑚
𝑖)

 
𝑚  normalize the similarity vector into a probability vector. 

The geometric information extracted from the training set is summarized in (48). It 

implies that every RTF from the learned region of interest can be expanded by the 

learned building blocks (the extended eigenvectors). Thus, combining (12) and (48) 

yields the following constrained identification procedure that relies on both the a 

priori learned geometric structure and the measured signals 

(49)                                      𝑯̂ (𝑓) =
𝜱̂𝑣𝑣(𝑛,𝑓)𝛗̂𝑖(𝑓)

(𝜱̂𝑣𝑣(𝑛,𝑓)𝛗̂𝑖(𝑓))1
 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜  𝐻̂ 𝑖 −𝑫
𝑖
 
 𝑇
𝒂𝒊  ≤  𝜻  

Where 𝜻 is a small constent vector. The extension algorithm requires the knowledge 

of  𝐻̃ 𝑖 for calculation in (40) for estimating   𝐻̃ 𝑖 in a non-linear form. Thus, we relax 

the problem and split it into two stages. In the first stage, we obtain a solution 𝐻̂𝐺𝐸𝑉𝐷𝑖 

by solving the GEVD problem (12) for each frequency bin, which relies merely on the 



noisy measurements. In the second stage, we exploit the prior geometric information 

and project the GEVD solution onto the building blocks of the learned manifold, i.e., 

(50)    𝐻̂ 𝑖 = 𝑫
𝑖
 
 𝑇
𝒂𝒊(𝐻̂𝐺𝐸𝑉𝐷𝑖) 

Thus, the new estimate is restricted to the learned manifold of RTFs (although it is not 

limited to be one of the training RTFs). Algorithm 1 summaries the identification 

procedure. 

Algorithm 1 

 Learning the Manifold of RTFs (Training Stage): 

 1. Obtain training recordings from the region of interest in the room with 

noiseless conditions.  

2. Compute a training set Ꞧ of typical RTFs between the reference microphone 

and each of the other microphones using (12). 

3. Construct the kernels 𝑊𝑖
𝑅
 
 using (34).  

4. Compute the eigenvalue decomposition{µ𝑗
𝑖  , 𝝋𝑗

𝑖} of 𝑊𝑖
𝑅 and compute the 

projection coefficients 𝑫𝑖 (46).  

Supervised RTF Identification (Test Stage): 

 1. Obtain a new segment of measurements.  

2. Compute the estimation of the RTFs using (12).  

3. Confine the RTF to the learned manifold (50). 

After obtaining the estimated RTFs based on the geometric information extracted 

from the training stage, we use those RTFs as the steering vector for the MVDR 

beamformer using (33). 

4. Experiment setup and results. 

the MIRaGe database was used as the database for this experiment, which contains 
4104 recording of fully exciting signals e.g. white noise and chirp signals, and was 
recorded on 6 linear microphone arrays, each array consist of 5 microphones, as was 
shown in section 2.3. The microphone array that was chosen for this experiment is 
microphone array 2 as seen in fig 2, which is placed directly in front of the grid at the 
distance of 2 m from the center of the grid. I divided the recordings to 80% training 
and 20% testing so that we have 3283 locations of training set and 821 locations for 
testing. 



For the estimation of the RTF at the training stage, we used a speech signal that was 
generated using a convolution between the AIR from the training location, that was 
estimated using the chirp signal from the MIRaGe, and a clean speech signal. This was 
done to make sure that the training and testing data will be as similar as possible.   
We executed the training stage as explained in algorithm 1, and for each microphone 

with reference to the center microphone for four RTFs for each location. 

The kernel scale was chosen via numerical optimization in a cross validation method 

and was set to 𝜀 = 3 for the reverberation times of 100[𝑚𝑠] 𝑎𝑛𝑑 300[𝑚𝑠] and to 

 𝜀 = 0.5 for the 600[𝑚𝑠]. 

The manifold dimensions were also chosen in a similar way, and in this experiment the 

chosen dimensions are 𝑙 = 48 for the reverberation times of 100[𝑚𝑠] 𝑎𝑛𝑑 300[𝑚𝑠] 

and to  𝑙 = 7  for the 600[𝑚𝑠]. 

The RTFs length was chosen to be 2048, and all the sampling rates were set to  

16[𝑘𝐻𝑧]. 

Test stage. 

For each point in the test samples, the AIRs from that location to each microphone 

was estimated from the excitation signals {𝒆𝑚}𝑚=1
𝑁𝑡𝑒𝑠𝑡  that were recorded in the MIRaGe 

database using classical system identification method. Using the AIRs, we "implant" 

the speaker in the desired location-using convolution between the AIRs and the clean 

speech signal, which we will call, {𝑺𝑗}𝑗=1
𝑁𝑡𝑒𝑠𝑡  and the middle microphone signal 

{𝒔3,𝑗}𝑗=1
𝑁𝑡𝑒𝑠𝑡 , which is the reference microphone, will be the reference signal, the desired 

signal at the beamformer output. For an accurate representation of a real life speech 

diversity, 3 different speakers were tested and the results were averaged across 

speakers and locations. 

A directional pink noise from 2 OOG locations was created using the same way and 

was added to the speech signals to create the test samples for each location {𝑿𝑗 
}𝑗=1
𝑁𝑡𝑒𝑠𝑡 . 

SNR was in the range of [−10: 10]𝑑𝑏. 

Using the noisy test samples we use (12) to estimate 𝐻̂𝐺𝐸𝑉𝐷𝑖 for each location in the 

test and as explained above, and then Confined the RTFs to the learned manifold using 

(50) obtaining  𝐻̂𝑚𝑖  

Defining the estimated RTF vector for the - 𝑚 location in our test samples as  

  𝑯̂𝒎(𝒇) = [𝐻̂
𝑚
1(𝒇), 𝐻̂

𝑚
2(𝒇), 1, 𝐻̂

𝑚
4(𝒇), 𝐻̂

𝑚
5(𝒇)]  

We obtain using (33) the weights of the MVDR beamformer, 𝒘̃𝑀𝑉𝐷𝑅(𝑓),  and in the 

STFT domain we use the beamformer to obtain the beamformer outputs {𝒔̂𝑗}𝑗=1
𝑁𝑡𝑒𝑠𝑡 , an 



estimation of the desired clean speech signal as recorded on the reference 

microphone. 

One important parameter in the calculation of , 𝒘̃𝑀𝑉𝐷𝑅(𝑓) is the regularization factor 

that is added to the spishieal covariance matrix 𝚽𝒙𝒙 before inverting. If the 

regularization is not big enough there will be a problem inverting 𝚽𝒙𝒙 in the under 

determined case (the case where there are less noise sources then microphone). And 

if the regularization factor is to big the resulting beamformer does not fulfill its goal of 

cleaning the speaker from the noises. We determined the regularization factor via 

numerical optimization. 

 

We analyses the results using 2 quality measure: 

1) The SNR at the beamformer output. 

2) STOI: short-time objective intelligibility measure [5]. This quality measure try 
to evaluate the percentage of intelligibility of the speech signal. 

 

The measure are averaged across all different speakers and across all 821 test 

positions. The performances are tested for a wide range of 𝑆𝑁𝑅𝑖𝑛 and were compered 

against the GEVD estimation of the RTFs that relies only on the noisy recordings. The 

results are also compered to the RTF from the middle of the cube referred to as MC.  

 

 

 

 

 

 

 

 

 

 

 

 



Results 

100[𝑚𝑠] Reverberation time  

 

 

 

 

 

 

 

 



300[𝑚𝑠] Reverberation time  

 

 

 

 

 

 

 

 

 



 

600[𝑚𝑠] Reverberation time 

 

 

 

 

 

 

 

 



STFT domain example  

100[𝑚𝑠] Reverberation time 𝑆𝑁𝑅𝑖𝑛 − 6[𝑑𝑏] 

 

 

300[𝑚𝑠] Reverberation time 𝑆𝑁𝑅𝑖𝑛 − 6[𝑑𝑏] 

 



600[𝑚𝑠] Reverberation time 𝑆𝑁𝑅𝑖𝑛 − 6[𝑑𝑏] 

 

As can be seen the proposed method ('ML') is able improve the speech quality even 

at very low SNR at the beamformer input, and works well in high reverberation 

scenarios. The method shows improved results compared to the GEVD estimation in 

the low SNR region and a more robust behavior across SNRs. 

5. Block diagram of the implementation  

 



6. Conclusions 

The proposed method is able to capture the underline geometric structure of the RTFs 

manifolds and thus improve the beamformer performances. It shows significant 

improvement in speech intelligibility, compared to the GEVD and base signals, at the 

low SNR region. 

 In the high SNR region, there are differences in performance depending on the 

reverberation time: in the high reverberation time, both the GEVD and ML shows a 

moderate decrees in intelligibility compared to the baseline signals, mostly due to the 

added reverberation caused by the beamformer. In the low and medium 

reverberation times both the GEVD and ML improved the intelligibility of the baseline 

signal, and the GEVD shows a slightly bigger improvement in intelligibility then the ML. 

In all input SNRs tested, the proposed method shows bigger improvement in SNR at 

the beamformer output than the GEVD. 

It can also be seen that the middle grid RTF ('MC') works well due to the relatively 

small area of testing area (grid size of 46×36×32 cm in this case), and in some 

stationery scenarios, where the area of interest is small enough, this can be used as 

easy solution. However even in this small area of testing the proposed method shows 

better performances in all SNRs and in all reverberation times. 

7. Ideas for further research  

1) A crucial part of the learning algorithm is setting 𝜀 the kernel scale, which 

determines the size of the local neighborhood of each point. In this project, the same 

𝜀 was set to the kernel of each RTFs regardless of the fact that the microphones inner 

distances are different. From (35) we can see that the Euclidean distance between 

RTFs have a big influence on the optimal 𝜀, in fact, in [4] it was shown that a good 

estimation of the optimal 𝜀 is the median of the pairwise Euclidean distance between 

data points, which is heavily dependent on the inner distance of the microphone. That 

is why I propose to set different 𝜀 relating to the microphone inner distances. For 

exempla, the microphone array that was used in this experiment consists of five 

microphones with the inter-microphone spacing of −13, −5, 0, +5 and +13 cm relative 

to the central microphone. The central microphone was used as the reference 

microphone, so the inner distances of microphones 2 and 4 is 5 cm and for 

microphones 1 and 3 is 13 cm. so we will set two different scales 𝜀1 𝑎𝑛𝑑 𝜀2 which will 

be optimized to the specific inner microphone distance. 

2) Incorporating dynamical models for temporal estimation of the RTF and incorporate 

this into the ML model to allow robust beamformer to be used in a non-static scenario. 
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